In this paper, we obtain results for factorizability of quantum channels. Firstly, we prove that if a tensor T ⊗ S k of a quantum channel T on M n (C) with the completely depolarizing channel S k is written as a convex combination of automorphisms on the matrix algebra M n (C) ⊗ M k (C) with rational coefficients, then the quantum channel T has an exact factorization through some matrix algebra with the normalized trace. Next, we prove that if a quantum channel has an exact factorization through a finite dimensional von Neumann algebra with a convex combination of normal faithful tracial states with rational coefficients, then it also has an exact factorization through some matrix algebra with the normalized trace.
Introduction
In [1] , Anantharaman-Delaroche defined the class of factorizable Markov maps to study the noncommutative analogue of ergodic theory. After the works of [1] , Haagerup and Musat proved in [3, Theorem 6 .1] that every non-factorizable quantum channel on M n (C) (n ≥ 3) fails the asymptotic quantum Birkhoff conjecture which was raised by Smolin, Verstraete and Winter (see [7] ) as one of the most important problems in quantum information theory. In [3, 4] , they also approached the Connes embedding problem by using factorizable quantum channels, in particular, tensors of factorizable quantum channels with the completely depolarizing channel. In this paper, we focus on the relation between the factorizability of quantum channels and the property of tensors of factorizable quantum channels with the completely depolarizing channel. Haagerup and Musat proved in [4, Corollary 3.5] that if a quantum channel T on M n (C) has an exact factorization through a tracial W * -probability space (M n (C) ⊗ M k (C), τ n ⊗ τ k ), that is, there exists a unitary matrix u in M n (C) ⊗ M k (C) such that T is written in the following form
then T ⊗ S k ∈ conv(Aut(M n (C) ⊗ M k (C))). We raise the natural problem of whether the converse claim of the statement is true or not (see below).
Problem 1.1. Let n be a positive integer and T a quantum channel on M n (C). Is it true that the following properties are equivalent? (1) There exists a positive integer k such that T has an exact factorization through
We obtain a partial result for Problem 1.1 as follows.
) and positive rational numbers
Moreover we also raise the following problem for the quantum channels which have an exact factorization through a finite dimensional W * -probability space (see below). Problem 1.3. Let T be a quantum channel on M n (C). Is it true that if there exists a finite dimensional W * -probability space (N , φ) (i.e. a pair of a finite dimensional von Neumann algebra N and a normal faithful state φ on N ) such that T has an exact factorization through (M n (C) ⊗ N , τ n ⊗ φ) then there exists a positive integer k such that T also has an exact factorization through (
Note that every finite dimensional von Neumann algebra is * -isomorphic to a direct sum of some matrix algebras. For this problem, we obtain the following partial result.
In section 2, we set notations and definitions in this paper. In section 3, we recall and discuss for the concepts and basic properties of quantum channels, factorizable quantum channels and completely depolarizing channels. In section 4 and 5, we prove that Theorem 1.2 and Theorem 1.4 hold, respectively.
Notations and Definitions
In this paper, we use the following notations:
• N := {1, 2, 3, · · · } and Q + is the set of all positive rational numbers.
• M n (C) is the set of all n × n matrices with complex entries.
• U (n) is the set of all n × n unitary matrices with complex entries.
• τ n is the normalized trace on M n (C), i.e. τ n ((x ij ) 1≤i,j≤n ) := x 11 +···xnn n .
• id n is the identity map on M n (C).
• Define ad(u)(x) := u * xu for all x ∈ M n (C), u ∈ U (n).
• conv(Aut(M n (C))) is the convex hull of the set Aut(M n (C)) := {ad(u) : u ∈ U (n)}.
• 1 M is the unit in von Neumann algebra M, in particular, 1 n := 1 Mn(C) .
A pair (M, φ) is called a W * -probability space if M is a von Neumann algebra and φ is a normal faithful state on M. In particular, we call (M, φ) a tracial W * -probability space when φ is tracial, that is φ(xy) = φ(yx) for all x, y ∈ M.
3 Basic properties of factorizable quantum channels
In [1] , Anantharaman-Delaroche considered factorizable Markov maps to prove a noncommutative analogue of Rota's theorem. We first recall the definition of Markov maps on a W * -probability space. The concept is a noncommutative analogue of measure-preserving Markov operator on a probability space. If (M, φ) = (N , ψ) = (M n (C), τ n ) in Definition 3.1, the fourth condition is removed since the operator σ τ t is trivial for any normal faithful tracial states τ on von Neumann algebras and t ∈ R, so that a τ n -Markov map means a unital completely positive tracepreserving map (quantum channel) on M n (C). Denote by
In [1, Definition 6.2], Anantharaman-Delaroche defined the class of factorizable Markov maps in the following sense.
The set of all factorizable (φ, ψ)-Markov maps is closed under composition, the adjoint operation, taking convex combinations and w * -limits (See [6, Proposition 2]). Haagerup and Musat proved in [3, Theorem 2.2] the following statement for the class of factorizable quantum channels. Proposition 3.3. Consider T ∈ Q(n). Then the following properties are equivalent: (1) T is factorizable, (2) There exists a tracial W * -probability space (M, φ) and a unitary u in
In this case, we say that T has an exact factorization through (M n (C) ⊗ M, τ n ⊗ φ). A factorization of quantum channels is not unique. We have two examples of a factorization of quantum channels. Firstly we show the following statement.
Lemma 3.4. If T ∈ Q(n) has an exact factorization through a tracial W * -probability space (M n (C) ⊗ M, τ n ⊗ φ) and there exist a tracial W * -probability space (N , ψ) and a (φ, ψ)-Markov *-homomorphism S : (M, φ) → (N , ψ), then T also has an exact factorization through (M n (C) ⊗ N , τ n ⊗ ψ).
for all x ∈ M n (C). Therefore T has an exact factorization through (M n (C)⊗N , τ n ⊗ψ).
As the second example, we consider a linear map T defined by
where
has an exact factorization through M 2 (C) ⊗ LF 2 . It is clear that
Hence T is a quantum channel on M 2 (C) by [2] . Let g 1 , g 2 be generators of the free group F 2 of degree 2 and set u :
, where λ g is the left representation of g ∈ F 2 , that is,
and LF 2 is the free group von Neumann algebra. For all x ∈ M 2 (C),
and e ∈ F 2 is the unit of F 2 . Therefore T has an exact factorization through (M 2 (C) ⊗ LF 2 , τ 2 ⊗ τ LF 2 ). On the other hand, T also has an exact factorization through (M 2 (C) ⊗ M 4 (C), τ 2 ⊗ τ 4 ) since a 1 , a 2 ∈ M 2 (C) are self-adjoint, a 2 1 + a 2 2 = 1 2 and a 1 a 2 = a 2 a 1 and therefore we can apply [3, Corollary 2.5] to the quantum channel T . Similarly we have the following statement. 
where {E ij } 1≤i,j≤d is the set of standard matrix units in M d (C). Then the following conditions hold.
(1) T has an exact factorization through (
Denote by F(n) := {T ∈ Q(n) : T is factorizable}. (3.11)
By the statements before Proposition 3.3, we have that conv(Aut(M n (C)))⊂ F(n) for all positive integers n. Haagerup and Musat found a quantum channel in F(n)\conv(Aut(M n (C))) in [3, Example 3.3] . In particular, Kümmerer proved in [5] that conv(Aut(M 2 (C)))=F(2). Haagerup and Musat pointed out the important relations between the factorizable quantum channels and the Connes embedding problem in [3, 4] .
Recall the completely depolarizing channels. Let
The map S k is called the completely depolarizing channel on M n (C). Note that S k is in conv(Aut(M k (C))) and therefore it is a factorizable quantum channel on M n (C). It is clear that S k ⊗ S l = S kl for all k, l ∈ N. It is very important to understand tensors T ⊗ S k of a quantum channel T with the completely depolarizing channel S k to know what T has an exact factorization through some W * -probability space. By [3, Corollary 2.5], Haagerup and Musat found a quantum channel T ∈ F(n)\ conv(Aut(M n (C))) (n ≥ 3) such that it has an exact factorization through (
Proof of Theorem 1.2
We prove that Theorem 1.2 holds. We first introduce the following sets.
(4.1)
By using these notations, we can rewrite as the statement of Theorem 1.2.
Theorem 4.1. Let n ∈ N. Then I n ⊂ J n holds.
Proof. Suppose that n ∈ N. If T ∈ I n , then there is a positive integer k > 0 such that
, and positive rational numbers c 1 ,
Since c i is a rational number for each 1 ≤ i ≤ d(k), we suppose that
where l i and L i are relatively prime positive numbers for each i. Let L be the least common multiple of
. Then we can rewrite as:
and rewrite as
, and we have that
for all x ∈ M n (C), where {E ij } 1≤i,j≤L is the set of standard matrix units in M L (C). Therefore T has an exact factorization through (
Hence we have the inclusion I n ⊂ J n , for each positive integer n ∈ N. Thus the proof is complete.
Proof of Theorem 1.4
We prove that Theorem 1.4 holds. We also denote the following set.
Clearly conv(Aut(M n (C)))⊂ K n . The statement before the condition (1.1) in section 1 or [4, Corollary] implies that J n ⊂ K n holds for each positive integer n. By the last statements in section 3, the set K n \conv(Aut(M n (C)))) is not empty for all n ≥ 3. We can rewrite as the statement of Theorem 1.4 by the new notations in sections 4 and 5.
where τ α is defined by (1.2), then T ∈ J n , and therefore T ∈ K n .
Proof. (Step 1) Suppose that
and there exist k ∈ N and the normal faithful tracial state τ α defined by
where l i and L are positive integers and l 1 + · · · + l d = L. We will define the following map:
) By the definition of φ, it is easy to check that φ is a unital completely positive *-homomorphism. We consider
On the other hand,
Therefore φ is a unital completely positive (τ α , τ kL )-preserving *-homomorphism from
(
Step 2) Suppose that α := (α 1 , α 2 ) ∈ Q 2 + with α 1 + α 2 = 1 and assume that T has an exact factorization through (
We define the following map:
8) It is clear that ψ is a unital completely positive *-homomorphism. Consider two matrices
y jj = α 1 τ k 1 (x) + α 2 τ k 2 (y) = τ α (x, y),
where α 1 τ k 1 k 2 ⊕ α 2 τ k 1 k 2 is a normal faithful tracial state on M k 1 k 2 (C) ⊕ M k 1 k 2 (C) defined by
(5.10) Therefore ψ is a unital completely positive (τ α , α 1 τ k 1 k 2 ⊕α 2 τ k 1 k 2 )-preserving *-homomorphism. By using Lemma 3.4, T has an exact factorization through (M n (C)⊗(M k 1 k 2 (C)⊕M k 1 k 2 (C)), τ n ⊗ (α 1 τ k 1 k 2 ⊕ α 2 τ k 1 k 2 )). Denote by
By using the first step, T has an exact factorization through (M n (C)
, and therefore T ∈ J n ⊂ K n by [4, Corollary 3.5].
(Step 3) Assume that α := (α 1 , · · · , α d ) ∈ Q d + with α 1 + · · ·+ α d = 1 and there exist some positive integers k 1 , · · · , k d and a normal faithful tracial state τ α on M k 1 (C)⊕· · · ⊕M k d (C) such that T has an exact factorization through (M n (C)⊗(M k 1 (C)⊕· · ·⊕M k d (C)), τ n ⊗τ α ). By using repeatedly first step or second step, there exists positive integer k such that T also has an exact factorization through (M n (C) ⊗ M k (C), τ n ⊗ τ k ). Therefore T ∈ J n ⊂ K n by [4, Corollary 3.5] again.
